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THE  RAPID  FHOTQGRALLETRY  DR  THE  LPLAGREL  OF 

BULLETS  FIRED  FROM  AH  AIRPLANE 


Abstract 


In  studying  experimentally  the  trajectories  of 
bullets  fired  from  an  airplane,  the  plashes  of  the 
bullets,  in  water  over  which  the  airplane  is  flying, 
are  photographed  by  a  camera  in  the  airplane.  Tar¬ 
gets  in  the  v;ater,  at  xnown  po  ition  ,  are  alt  o 
photographed.  It  is  necessary  to  find  the  positions 
of  the  splashes  with  respect  to  the  airplane.  Usual 
photogramraetric  procedures  are  very  laboriou:  .  Here 
a  rapid  method  is  describee;  which  make:  u,  e  of  the 
altitude  of  the  airplane,  furnished  by  an  altimeter. 

The  percentage  error  in  the  range  to  the  splash  is 
one  third  of  the  percentage  error  of  the  altimeter 
altitude . 

In  connection  ."it's  the  experimental  tudies ,  which  the  Lab¬ 


oratory  is  now  carrying  out,  of  the  trajectories  of  projectiles  fired 
from  airplanes,  bulxet.  are  fired  from  an  airplane  into  water  over 
which  the  airplane  i  flying.  It  i  necessary  to  find  the  range 
from  the  splash  of  a  bullet  to  the  po:  ition  of  tr.e  gun  at  the  in  tant 
of  the  bullet 1 1  iplas  rung.  The  .  ply‘  : :  are  photographer  by  a  cinema 
camera  mounted  on  the  airplane,  an-'  near  to  the  gun. 


If  the  focn-i.  length  of  the  camera  i,  Known,  and  if  the 


coordinates  on  the  water  of  three  photographed  targets  are;  Known,  it 
is.  clear  that  the  space  coordinates  of  the  camera  can  be  found,  and 
also  the  distance  from  the  camera  to  a  bullet-  plash.  The  photogram- 
metric  computations,  however,  are  so  laboriou:  that  it  is  impractic¬ 
able  so  to  determine  the  range  to  each  of  a  large  number  of  splashes, 
likewise,  if  the  coordinates  of  four  or  more  photographed  targets  are 
knovm,  t  .en  the  focal  length,  camera  position,  and  range  can  be  de¬ 
termined.  This  solution  also  is  veiy  laboriou;  .  If  the  angle  o*' 
depression  of  the  camera's  axis  could  be  measured  once  and  for  all  at 
the  outset  of  a  series  of  firing.,  then  the  range  could  easily  be 
found  from  the  airplane's  altitude,  measured  ritk  an  altimeter ;  but  the 
roll  of  the  airplane,  always  present  to  some  extent,  causes  the  angle 
of  depression  to  vary  from  moment  to  moment  to  that  ranges ,  determined 


on  the  assumption  of  a  eon.- tun t  angle  of  depre.  -ion,  are  not  accurate. 
The  folio  inf  rapid  ,r  secure  ha  been  devi-eu  to  meet  there  diffic¬ 
ult  ier  . 


In  the  diagram  beio.v,  the  or  . gin,  0,  of  the  right-handed 
system  of  axe..-.  x,y,z  i  the  principal  point  of  the  camera  lens.  Or. 
i.v  perpendicular  to  the  plane  of  the  film  or  plate.  Ox  i:  horizontal, 
and  iv  point. c  above  the  horizon.  Oz  1  epre'er  below  the  horizontal 

by  the  angle  'T'  ,  to  be  determined ,  and  intersect.-  the  .urfe.ce  of 
the  <vater  at  a  point  ,  .  T  .e  iltituue  of  the  camera  above  the  water 
i  h.  The  focal  length  or  the  camera  i  ,  to  be  determined  once  and 
for  all  by  any  accurate  met.  si:  rec.or  e-  . 


Trie  image  on  the  plate  is  inverted.  After  the  plate  har  been  erecteo, 
the  coordinates  (X,Y)  of  the  image  of  any  point  i(x,y,z)  are  gi/en 
by  the  intersection  of  JP  v.it  :  the  plane  a  =  K.  The  p^ate  coord¬ 
inates  (X,Y)  are  measured  from  the  "ba. e"  of  the  plate  (the  foot 
of  the  perpendicular  from  the  nodal  point  to  the  plate),  the  atm 
Y  axes  being  parallel  to  the  x  and  y  axe  ,  respectively.  * oi  pr 
tical  purposes,  the  "base"  of  the  plate  ir  the  center  of  its  exposed 

portion. 

Let  Q  be  a  *oint  on  tne  erected  piate,  vit h  plate  coordinate. 
(X,Y).  The  space  coordinate:  of  1  are^then  (X,Y,K),  and  thu.  )  i 
the  image  of  points  on  the  line 

(x/a)  =  (y/Y)  =(z/K). 

The  equation  of  the  urface  of  the  water  i 
v  co-  T—  z  in  S'  +  h=*=0. 

1'Le  line  meets  the  water  at  the  point 

X  =  (Xh)/(K  in  r -  Y  cos  t);  y  =  Yh/(ii  .in  5'-  Y  cos  6')-, 
z  =  nh/(  K  sin  S'  -  Y  co sT  ). 

Let  0  Xj,  and  0wy^r  be  coordinate  axes  on  the  water's  surface,  such  that 

the  xk>.  axis  is  parallel  to  the  x  axis  ant  the  yw  axis  is  in  the  direction 

of  increasing  range.  Then  x..  -  x,  yVi  -  v/fin  IP  .  hence 

=  J.h/U  slnT  -Y  co:  r);  yv>  -  Yh/(h  fin  IT  -  Y  cos'?')  "in  T  • 

Th'=  ratio  of  anv  small  el.  inent  of  area  on  the  water  to  the  area  of  its 
image  on  the  plate,  dVt/dr,  i  given  by 


dW  =  - 

dP  D(a,Y) 

=  h<<:  't'J  ( K.  .sin  T  -  Y  co  7’)"" 


b  the  theory  of  Jacobian  determinant  . 


The  area,  W,  on  the  water  corresponding  to  any  area  P  on 


the  plate  is  therefore 


given 

h^ 


by 


dF 


= 


K"  ( sin  TP  -  ( y/K)  co  s  T  ) 5 


(i-ay")‘ 


where  Y  is  the  Y  coordinate  of  the  centroid  o^  the  area  on  the  plate, 
v.-here  y"  —  Y  -  Y,  and  where 

a  =  cos  ?y  (K  in<f-  Y  co'  m). 


The  integrand  may  be  expanded  thus: 

1  r  3ay"  r  6a'cy',<’  +  ’- 


and  the  integral  of  the  first  term  is  P,  the  integral  pf  the  second 
term  is  zero,  and  the  integral  of  the  tnird  term  in  6a  F  times  the 
average  value,  y':C ,  of  y"c  over  the  area  P.  Thu3 

/  heP  U/3 

sin  T  -  (Y/h)  cor  T  -  | - : - ;  (1  t-  2a*V'£+. . . ) . 

v  t  / 

\  K «  / 

*he  term  Sa^y"^  is  no  larger  than  0.01  for  a  camera  whose  vertical 
field  is  ten  degrees,  and  which  is  depre  ed  below  the  horizontal  by 
an  angle  of  twenty -two  degrees,  provided  that  the  area  F  extend-  over 
only  one  half  the  height  of  the  plate  "In  the  Y  direction.  For  smaller 
areas,  and  greater  angler  of  depression,  the  term  ir  still  smaller. 
Provided  that  an  error  of  one  per  cent  in  the  range  to  a  splash  can 
be  tolerated,  then  for  a  camera  of  the  type  de;  criberi  the  term  can 
be  ignored  altogether. 


The  areas  P  aim  7,  my  be  found  readily  from  the  coordinates 
of  the  images  of  three  targets  on  the  plate,  and  from  the  coordinates 
of  the  targets  on  the  water.  If  Pp(xp>Yp) »  Pj>  (^gY-) >  and  P5(x3,y3) 
are  any  three  points  in  a  plane,  then  the  area  of  the  triangle  PirgFs 
is 


A  = 


1 

2 


xsr*i>  y;ryi 

x3  -*1>  73 -y± 


(2) 


where  the  determinant  is  given  its  absolute  value.  For  the  same  three 
points,  the  same  area  A  is  obtained  however  the  ubscriptc  are  assigned 
to  the  points.  Moreover,  the  area  A  is  invarient  with  re.  pect  to  rot¬ 
ations  and  translations  of  the  axes  of  x  and  v.  Thus  formula  (2)  will 
furnish  the  area  T.  of  the  triangle  formed  by  three  targets,  from  the 
coordinates:  of  the  targets  in  the  system  in  which  they  have  been  sur¬ 
veyed.  niicewiae,  applied  to  the  mea:urec  coordinates  of  the  images  of 
the  three  targets  on  the  plate,  the  formula  (2)  rill  provide  the  area 
P  even  though  the  axes  used  for  measurement  of  the  images  differ  from 
the  axes  in  '•'ire'- tier  and  sri~in. 


(1) 


5 


xhe  range  to  a  particular  xpla:  h  in  the  picture  i; 
h  v^rYt 

R  = -  - (1  + - - - )§ 

rinT -(Y/K)eo.  jp 


(5) 


Here  (1,1)  are  the  plate  coordinate  of  the  pla. h  in  the  ys-tem  o- 
axe  7,Y.  In  (3),  the  quantity 


(I 


x'~+y 


-)* 


'aay  be  ret  equal  to  unity  for  a  camera  having  a  field  14°  x  10°  v.ith 
a  re:  noting  error  in  the  range  of  no  more  than  about  one  per  cent! 
curther,  the  value  of  R  given  by  (5)  i  insen  itive  to  the  value  of 
m  the  denominator,  and  hence  thir  Y  can  be  obtained  with  sufficient 
accuracy  in  practice  (for  a  camera  of  the  type  described)  from  a  rough 
knowledge  of  the  direction, through  the  center  of  the  picture, of  the 
axis  -a  horizontal  axis.  In  the  euse  way,  y  can  be  fount'  with 
sufficient  precision.  To  find  Y  and  Y,  it  i  desirable  to  measure 
t  :e^  plate  in  terms  of  axe?  o{  ,  3  such  that  the  d  axi;  ir:  approximate- 
xy  horizontal.  Then  J  i  merely  the  (3  of  the  splash  diminished  by 

®  ~n°\~  th®  pi~te’  iUi"  7  1  merely  the  average  of 

he  Q  of  the  three  target.  ,  diminished  by  the  fj  of  the  plate  center. 

k2/3  U  "ii.X  noticed,  from  (i)  th>t  sin 'if  varies  roughly  as 

h  /  ,  so  that  by  (o)  the  range  varie  a.  the  cube  root  of  h.  Thus 

an  error  of  three  per  cent  in  h  introduces  an  error  of  only  one  per 
cent  m  R.  The  preceding  method  is  thu  convenient  for  finding  the 

ritn  error  fho;e  sverage  value  has  been  found  (for  a  camera 
of  t.ie  type  described)  to  be  about  t”o  per  cent. 

sample.  In  the  following  example,  the  photograph  was 
enlarged  before  measurement.  The  unit:-"  of  «  ,  Q  are  ten  inches;  the 
e  ui valent  ocax  xengtn  ol  the  enlarges,  image  i:  lii.56  unit^  of  ten 

°ryin  f?>.  P  *>*•  »»i»r  right-W.  rormr  of  th.  plate, 
fh  h  t,w  P**"*  1  at  P  -  -'•-L6i>  mi  «ui.i  p  ars  measure*!  to 
*  .  +  .  £0wn  lTOui  Ue  origin,  respectively,  the  ca  ^xii  beiriK  nearlv 

horizontal.  Tne  water  coordinates,  x,y,  are  in  unit  of  100  feet  the  7 

^>me+®r  e ( correc tea  for  air  speed)  i  160  feet.  The  splash  to 

which  the  range  is  desired  is  at  (3=  0.562.  The  work-sheet  follow 
(some  numbers,  retained  on  the  computing  machine,  not  being  entered ) . 


Target 
5 
4 
8 

mean 

Y=.308 


oi  fj 
2.365  .955 

1.705  .406 

.250  1.197 
.853 


ol 

2.115 
1.4  55 


ft' 

.242 

.731 


x 


V  t 


v 1 


7  r>  pla  s  h”  •  ^ 


1.769  1.302  - 

1.983  2.156  .214  .854 

“ -  2.778  1.295  2.009  -.007 

2F  -  1.3209 
2Y  =  0.8632 

•in 7T -.0245  co:  V  =  .^033 


h  =  2.6 
sinTf.4256 
cos  T-.  9050 
R  =  632  feet 


-4- 


The  areas  are  computer'  by  equation  (k) ,  M  i  found 
and  equation  (i)  i  written  doim(ifnorin£  the  term 
by  ‘'ucces  rive  approximations.  it  i.  o^vec  aore  r 
approximations'-  than  it  -'ouj.n  he  uw-  r.  u< 


From  the  Y  of  the  •  pia  "our/  r  •  it  's  ,  the 
splash  ir  compute'  i‘row  e  u-  tion  ,  r),  in  •  i  tine 
(1  t-  (X<"+Y-i  )/\:~ )  i  -et  e-uni  to  unity. 


from  the  mean  6  , 
ha4y,,<- )  an1-:  olve^ 

'<  pidly  by  u^ce:  :  ive 
era tic  e  nation, 
range  F  to  the 
quantity 


,--y —  /  //  j  A 

/  ^ y'v-C- 
T  neon ore  F.  .  terne, 
attain ,  )rr;nan(  e  Tepf.  rtment* 
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THE  RAPID  PHOTOGRAMMETKY  OF  THE  SPLASHES  OF 
BULLETS  FIRED  FROM  AN  AIRPLANE 


Abstract 


In  studying  experimentally  the  trajectories  of 
bullets  fired  from  an  airplane,  the  splashes  of  the 
bullets,  in  water  over  which  the  airplane  is  flying, 
are  photographed  by  a  camera  in  the  airplane.  Tar¬ 
gets  in  the  water,  at  known  positions,  are  also 
photographed.  It  is  necessary  to  find  the  positions 
of  the  splashes  with  respect  to  the  airplane.  Usual 
photogrammetric  procedures  are  very  laborious.  Kere 
a  rapid  method  is  described  which  makes  use  of  the 
•  altitude  of  the  airplane,  furnished  by  an  altimeter. 

The  percentage  error  in  the  range  to  the  splash  is 
one  third  of  the  percentage  error  of  the  altimeter 
altitude. 

'  t. 

•  i 

In  connection  with  the  experimental  studies,  which  the  lab¬ 
oratory  is  now  carrying  out,  of  the  trajectories  of  projectiles  fired 
from  airplanes,  bullets  are  fired  from  an  airplane  into  water  over 
which  the  airplane  is  flying.  It  is  necessary  to  find  the  range 
from  the  splash  of  a  bullet  to  the  position  of  the  gun  at  the  instant 
of  the  bullet’s  splashing.  The  splashes  are  photographed  by  a  cinema 
camera  mounted  cm  the  airplane,  and  near  to  the  gun. 

If  the  focal  length  of  the  camera  is  known,  and  if  the 
coordinates  on  the  water  of  three  photographed  targets  are  known,  it 
is  clear  that  the  space  coordinates  of  the  camera  can  be  found,  and 
also  the  distance  from  the-  camera  to  a  bullet-splash.  The  photograra- 
oetric  computations,  however,  are  so  laborious  that  it  is  impractic¬ 
able  so  to  determine  the  range  to  each  of  a  large  number  of  splashes. 
Likewise,  if  the  coordinates  of  four  or  more  photographed  targets  are 
known,  then  the  focal  length,  camera  position,  and  range  can  be  de¬ 
termined.  This  solution  also  is  very  laborious.  If  the  angle  of 
depression  of  the  camera's  axis  could  be  measured  -once  and  for  all  at 
the  outset  of  a  series  of  firings,  then  the  range  could  easily  be 
found  from  the  airplane's  altitude,  measured  with  an  altimeter;  but  the 
roll  of  the  airplane,  always  present  to  some  extent,  causes  the  angle 
of  depression  to  vary  from  moment^to  moment  so  that  ranges,  determined 


-1- 


dW 

dP 


=  h2K/(K  sinT-  I  cos?)3 

by  the  theory  of  Jacobian  determinants . 

■  The  area,  W,  on  the  water  corresponding  to  any  area  P.  on 
the 


where  Y  is  the  Y  coordinate  of  the  centroid  of  the  area  on  the  plate, 
where  y"  =  Y  -  Y,  and  where 

a=  cos T/  (K  sinT-Y  cost). 

The  integrand  may  be  expanded  thus: 

1  +  5ay"  +  6a2y"2+ . 


te  is  therefore  given  by 


dP 


Yi  3 


K^sin  TT-  (Y/K)cosT)®  \\  (l-ayn)^- 


and  the  integral  of  the  first  term  is  P,  the  integral  gf  the  second 
term  is  zero,  and  the  integral  of  the  third  term  is  6a  P  times  the  • 
average  value,  y"2,  of  y"2  over  the  area  P.  Thus 

_  /  h2P 

sinT-  (Y/K)  cosT  a  - —• 

\ 


The  term  Sa2yn2  is  no  larger  than  0.01  for  a  camera  whose  vertical 
field  is  ten  degrees,  and  which  is  depressed  below  the  horizontal  by 
an  angle  of  twenty-two  degrees,  provided -i-that  the  area  P  extends  over 
only  one  half  the  height  of  the  plate  in  the  Y  direction.  For  smaller 
areas,  and  greater  angles  of  depression,  the  term  is  still  smaller. 
Provided  that  an  error  of  one  per  cent  in  the  range  to  a  splash  can 
be  tolerated,  then  for  a  camera  of  the  type  described  the  term  can 
be  ignored  altogether. 


The  areas  P  and  W  may  be  found  readily  from 
of  the  images  of  three  targets  on  the  plate,  and  from 
of  the  targets  on  the  water.  If  Pite^y^),  Pgtxoyg), 
are  any  three  points  in  a  plane,  then  the  area  or  the 
Is 

xg-xi,  yg-yi 

A  =  £ 

x3-*l>  Y3-yi 


the  coordinates 
the  coordinates 
and  P3(xj,yj) 
triangle  P1P2P3 


(«) 


where  the  determinant  is  given  its  absolute  value.  Far  the  same  three 
points,  the  same  area  A  is  obtained  however  the  subscripts  are  assigned 
to  the  points.  Moreover,  the  area  A  is  invariant  with,  respect  to  rot¬ 
ations  and  translations  of  the  axes  of  x  and  y.  Thus  formula  (2)  will 
furnish  the  area  W  of  the  triangle  formed  by  three  targets,  from  the 
coordinates  of  the  targets  in  the  system  in  which  they  have  been  sur¬ 
veyed.  Likewise,  applied  to  the  measured  coordinates  of  the  images  of 
the  three  targets  on  the  plate,  the  formula  (2)  will  provide  the  area 
P  even  though  the  axes  used  for  measurement  of  the  images1  differ  from 
the  axes  X,Y  in  direction  and  origin. 


(5) 


The  range  to  a  particular  splash  in  the  picture  is 


R  = 


sinTf -(Y/K)cos 


(1  + 


x2+y2 


■')* 


Here  (X,Y)  are  the  plate  coordinates  of  the  splash  in  the  system  of 
axes  X,Y.  In  (5),  the  quantity 


(1  + 


x2+y2 


■)* 


may  he  set  equal  to  unity  for  a  camera  having  a  field  14°  x  10°,  with 
a  resulting  error  in  the  range  of  no  more  than  about  one  per  cent* 
Further^  the  value  of  R  given  by  (5)  is  insensitive  to  the  value  of 
Y  in  the  denominator,  and  hence  this  Y  can  be  obtained  with  sufficient 
accuracy  in  practice  (for  a  camera  of  the  type  described),  from  a  rough 
knowledge  of  the  direction, through  the  center_of  the  picture, of  the 
X  axis — a  horizontal  axis.  In  the  same  way,  Y  can  be  found  with 
sufficient  precision.  To  find  Y  and  Y,  it  is  desirable  to  measure 
the  plate  in  terms  of  axes  d\ ,  j3  such  that  the  o(  axis  is  approximate¬ 
ly  horizontal.  Then  f  is  merely  the  (2  of  the  splash  diminished  by 
the  (2  of  the  center  of  the  plate,  and  Y  is  merely  the  average  of 
the  p 's  of  the  three  targets,  diminished  by  the  p  of  the  plate  center. 

It  will  be  noticed  from  (1)  that  sin  TP  varies  roughly  as 
hV2>  ,  so  that  by  (3)  the  range  varies  as  the  cube  root  of  h.  Thus 
an  error  of  three  per  cent  in  h  introduces  an  error  of  only  one  per 
cent  in  R.  The  preceding  method  is  thus  convenient  for  finding  the 
range,  with  an  error  whose  average  value  has  been  found  (for  a  camera 
of  the  type  described)  to  be  about  two  per  cent. 

Example.  In  the  following  example,  the  photograph  was 
enlarged  before  measurement.  The  units' of  c<  ,  ft  are  ten  inches;  the 
equivalent  focal  length  of  the  enlarged  image  is  12.56  units  of  ten 
inches.  The  origin  of  <* ,  (3  is  the  upper  right-hand  corner  of  the  plate. 
The  center  of  the  plate  is  at  (2  =  1.161,  and  and  [3  are  measured  to 
the  left  and  down  from  the  origin,  respectively,  the  c*  axis  being  nearly 
horizontal.  The  water  coordinates,  x,y,  are  in  units  of  100  feet;  the 
altimeter  altitude (corrected  for  air  speed)  is  260  feet.  The  splash  to 
which  the  range  is  desired  is  at  (3-  0.362.  The  work-sheet  follows 
(some  numbers,  retained  on  the  computing  machine,  not. being  entered). 


Target  oi 

P 

a 

P9 

X 

y  x' 

y' 

h  =  2.6 

5  2.365 

.955 

2.115 

,242 

1.769 

1.502  - 

sinTf.4256 

4  1.705 

.406 

1.455 

.791 

1.983 

2.156  .214 

.854 

cos  9050 

8  .250  1.197 

— 

— 

2.778 

1.295  1.009 

-.007 

R  =  632  feet 

mean 

.653 

2P  = 

1.3209 

Y=.508 

2W  = 

0.8632 

Y splash-  *  133  sinT -.0245  cos  IT  —  .4035 
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The  areas  are  computed  by  equation  (2),  Y  is  found  from  the  mean  |3 , 
and  equation  (1)  is  written  down (ignoring  the  term  2a2y"*)  and  solved 
by  successive  approximations.  It  is  solved  more  rapidly  by  successive 
approximations  than  it  could  be  solved  as  a  quadratic  equation. 

From  the  Y  of  the  splash,  found  from  its  (3  ,  the  range  R  to  the 
splash  is  computed  from  equation  (5),  in  which  the  quantity 
(1  +  (Xr+Y^/K2)  is  set  equal  to  unity. 


T  heodore  E.  Sterne, 

Captain,  Ordnance  Department. 
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